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Abstract — The purpose of this paper is to translate a set of 
generalized contractive conditions for a couple of self-mappings 
to have a unique common fixed point in the language of cone 
metric spaces. 

Index Terms — Cone, cone metric space, complete cone 
metric space, totally ordered cone, contraction, fixed 
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I. Introduction 

Let’s begin with some basic definitions and results which 
will be used later in the sequel: 

Let B be a real Banach space and P be a subset of 
B . By 0 we denote the zero element of B and by IntP the 
interior of P . P is called a cone in B if 

(i) P is closed, nonempty and P ^ {0}; 

(ii) a, b e R, a, b > 0, x, yeP=>ax + byeP and 

(iii) x-x g P=> x = 0,i.e., P n (-P) = {0 }. 

For a given cone P in a Banach space B we define a partial 
ordering < with respect to B by x < y if and only if 
y—xeP; x < y implies x<y but x^y, while x«y 
will stand for y—xe IntP .If x , y , ze P so that x < y < z, 
then x < z ■ A cone P in a Banach space B is called totally 
ordered if for any x , y eB either x — yGP or 
y — XGP i.e., either y<x (in this case we write 
max{x,y} = x ) or x < y . 

Let A be a nonempty set. Suppose the mapping 
d : A x A —> B satisfies 

(i) 0<d(x,y ) V x, yeX and d(x,y) = 0 iff x = y, 

(ii) d(x,y ) = d(y,x) V x , y e X , 

(iii) d(x,y)<d(x,z) + d(z,y) V x, y, zeA. 

Then d is called a cone metric on X , and the ordered pair 
(A , d) is called a cone metric space. As an example, let 

B = R 2 , P = {(x,y)eB:x,y> 0}cR 2 , A = R 2 , 
d:XxX—>B such that d(x,y) = (\x—y\,a\x—y\') , 
where a> 0 is a constant. Then (A , d) is a cone metric 

space. For, R 2 is a Banach space and clearly /’ is a cone. 
Since, 

(i) P is a closed subset of R 2 . 

(ii) forany a,be R with a,b > 0 and x = (x ly x 2 ), 
y = (Lu 3^2) e P ax \ + dy\ ^0 and ax 2 +by 2 >0. 

.'. (ax l +by l ,ax 2 +by 2 ) e P 

=> a(x i ,x 2 ) + b(y l ,y 2 )eP for all (x ,, x 2 ),(y, ,y 2 ) e P. 


(iii)Suppose x = (x l , ) then -x = (-x, ,-y,). 

If x = (x l ,y l ) g P then x x > 0 and y t > 0. 

Again if -x = (-x 1 ,-y 1 ) e P then -x, >0 and -y, > 0 , 
i.e., x l < 0 and y l < 0 . 

Combining above we have x 1 = 0, y x = 0, i.e., x = 0. 

Let us prove d is a metric on A. 

(i) lx-yl>0 and a I x-y l>0 (Since «>0 ) 

=>d{x,y) = (\x-y I,a I x-y l)> (0,0) = 0, Vx, y e X. 

Now, 

d (x, y) = #<=>(lx— yl,crlx — yl) = (0,0) <^>1 x— y 1= 0,a I x— y 1= 0 
<^>| x— y 1= 6 (Since a > 0) <=> x = y. 

(ii) 

d(x,y) = (I x— y I,a I x— y I) = (I y-x\,a I y-xl) = d(y,x) 

V x, y e X. 

(iii) lx— yl=lx —z + z — yl<lx—zl + lz — yl 
andalx —yl<alx-zl+arlz-yl (Since «>0). 

Therefore, 

d(x,y) — (I x— y \,a I x — y I) < (I x — z I + I z — y I, 
a I x — z I +a Iz — yl) = (lx — zl,«lx — zl) + 

(I z — y \,a I z — y l)= d(x,z ) + d{z, y), V x, y, z e X. 
Therefore (A, d) is a cone metric space. 

A sequence {x„} in the cone metric space (A, d) 
is said to converge to xeX if for any c eB with 0 « c, 

3 JVeN such that d(x n ,x)«c, V n>N. 

A sequence {x„} in the cone metric space (A , d) 
is said to be a Cauchy sequence if for any c eB with 0 « c , 

3 VeN such that d(x n ,x m )«c, V n, m>N. If every 
Cauchy sequence is convergent in (A ,d), then 
(A , d) is called a complete cone metric space. 

Throughout this paper, we always suppose B is a 
Banach space, P is a totally ordered cone in B with 
IntP ^ (j) and < is the partial ordering with respect to P and 
we denote by CardA the cardinality of A. 

The whole work of this paper is a translation of the Theorem 
2.1 ([1]) in the language of cone metric spaces. This has been 
motivated by [2], [3], [4], [5], [6], [7], [8]. Now we prove the 
main theorem proposed in the abstract of this paper followed 
by some lemmas which are required to prove it. 
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II. Main Results 

Lemma 1: Let (X , d) be a totally ordered cone metric 
space. For any x,y,zeX, 

max{d(x, y),d(y,z), < max{d(x, y), 


d(y,z). 

Proof. 


d{x,y) + d(y,z ), 


Let us suppose that d(x,y) = max{d(x, y),d(y, z). 


d (x, z) 


Then d(x,y)>d(y,z ) and d (x, y) > 


d(x, z) 


which 


implies 


d(x,y)-d(y,z) £P 


and 


diXty) -«*id eP . 


Now, 


d(x d(x,y) + d(y,z) _ d(x,y)-d(y,z) cp 
( ’ y) 2 2 
d(x, y) + d(y,z ) 


=> d (x, y) > 

z 

Therefore. y).diy. ) = „ U , y) . 

Similarly, we can check for d(y,z) ■ 

Again if = max{d(x,y),d(y,z ),-^- 1 ^-}, 


■d) 


then <^> d(x , y) wd ^l> d(y , z) . 

Now by using triangle inequality we have, 
d(x, z) < d(x, y ) + d{y,z) for all x,y,z^X 
=> d(x,y) + d(y,z)-d(x,z) e P 
d(x,y) + d(y,z) d(x,z) 


i.e.. 


2 2 
d(x,z) d(x,y) + d(y,z) 


-( 2 ) 


2 2 
By using (1),(2) and applying transitivity we have, 

d(x,y)< d(X ’ y) + d(y ’ Z) and d(y,z)< d ^ + d ^ 


Therefore, 
max{d(x, y),d(y, z). 


2 2 
d(x, y) + d(y,z), _ d(x,y) + d(y,z) 


<‘a.y) + d(y.z) and d( 

_ . d(x,y) + d(y,z ) . , , 

But if --—-—-- is equal with one of d(x,y ) and 

d{y,z) , then the equality holds. 

So we consider 

d(x,y) + d(y,z) d(x,y) + d(y,z) 

- >d(x,y) and - >d(y,z) 


d(x, y) + d(y, z) 


— d(x, y) g P and 


d(x, y) + d(y,z) 


- d(y,z)eP with d(x,y) * d(y, z). 


d{y, z) -d(x, y) 


G P 


and 


d(x, y)-d(y,z ) 


: P with d(x,y) ^d(y,z). 


d(y, z) - d(x, y) g p and _ d(y,z)-d(x,y) g p 


i.e., 2 2 

with d(x,y) ^ d(y,z ) 
d(y, z)-d(x, y) _ () 

2 

=>c/(.v, y) = t/(v,z), which contradicts the fact that 
d(x,y)=td(y,z). 

Therefore, max{d(x, y),d(y, z )} = max{d(x, y),d(y, z), 
d{x, y) + d{y,z ), 


Lennna 3: Let (X , d) be a cone metric space and {x n } and 
{y n } be two convergent sequence in B such that x n < y n , 
VneA, then \\m n ^x x n - lim n ^*y„- 
Proof. Suppose lim n ^ m x n = x and li m „^ o0 y„ = y. 

Now we have, 

x n < y n for all n g N => y n - x n g P for all n g N 

=^>y — XGP (Since x n —> x, y n —> y as n—y co and P is 

closed.) => x< y. 

i.e., lim,,-^-*,! ^lim n— >oo yn * 

Lennna 4: Let (X , d) be a cone metric space 


Hence, we conclude that, 

and f : X —> X be continuous, then for every sequence 
max{d (x, y ), d (y, z), d —'-^ } < max{d(x, y ), d ( y , z ), ^—- + —^~ V ( x] } in X converging to x, f(x n )^>f(x). 


Lemma 2: Let (X , d) be a totally ordered cone metric 
space. For any x, y, z g X , 

max{d(x, y),d(y,z)} = max[d(x, y),d(y , + 0 

Proof. If 

max{d(x,y),d(y,z), d(X ' y)+ 2 d(y ’ Z) } = d ^ + d ^ , 

then 


Proof. Since {x n ) converges to x in X , then for every 
5 e B with 6 «5 3 JVeN such 

that, Vn > N, d(x n , x) « 8. 

! ■ Again / is continuous on X and x e X , then for every 
cgB with c»0 , there exists 5»0 such that, 
d(x n ,x) « S=> d( f(x n ), f(x)) « c. Hence we conclude 
that, V n>N d(f(x n ),f(x))«c => f(x n ) -> f(x). 
i e., lim n —>oo f(x n ) = fix) = f (lim n —>oo Xn ) * 

Theorem 1: Let ( X , d) be a totally ordered complete cone 
metric space. Let S and T be mappings on X satisfying the 
following: 
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(a) S is continuous; 

(b) T (X) a S (X); 

(c) S and T commute. 

Let us define a non-increasing function <E>: [0,1) —> (^-,1] 

by. 


<J>(r) = 1, if 0<r< 


V5-1 


1-r V?-1 ^ 1 

= ——, if - <r<—i=, 

r 2 2 

= —, if ^=<r< 1 . 

1 + r 

Suppose that there exists r e [0,1) such that, 

<D (r)d(Sx, Tx) < d(Sx, Sy) implies d (Tx, Ty) < rM S T (x, y) 
for all x, yeX, where M s T (x,y) = max{d(Sx,Sy), 
d ( Sx, Ty) + d(Sy, Tx) 


d(Sx,Tx),d(Sy,Ty),~ 


-(A). 


Then there exists a unique common fixed point of S and T . 


Proof. Using (b) we define a map I : X — > X such that 
S(I(X)) = T(X), i.e.. Six = Tx,\/ xgX. 

Since we are going to find the common fixed point of S and T 
so we have to deal with their common range. So we have 
introduced the mapping I on X. 

Since I - <t>(r) > 0 and d(Sx,Tx) g P so we have, 

(l-(S>(r))d(Sx,Tx) g P => d(Sx,Tx) - <£>( r)d(Sx,Tx) e P 

=> d(Sx, Six) - ®( r)d(Sx, Tx) <= P 

(Since Six = Tx, V xeX) =><L>(r)d(Sx,Tx)<d(Sx,SIx). 
Then by using (A) we have, 
d (Six, SI lx) = d(Tx, Tlx) 

< rM s T (x, lx) 


implies (1 — r)d(Six, SIIx) s P. 

Hence we have, (1 - r)d (Six, SIIx) = G 

=> d(Six, SIIx) - 6, (Since (l-r)>0 ), which implies 
d(Sx,SIx)<6, which contradicts the fact that 
d(Sx,SIx)>6. 

So we have, max{d(Sx,Six),d(Six,SIIx)} = d(Sx,SIx). 

Thus d(Six, SIIx) < rd(Sx, SIx),V xgX .(1) 

Let ugX and put u 0 = u . Now we consider u n =I n u , 
VneN. Then we find, 

r/t+1 

u n+i = / u 
= I(I n u) 

= llt „ 

and Su n+l - SIu n = Tu n , V n g N. Now we will prove 
{Su n } is a Cauchy sequence. For this we have, 
d(Su n ,Su n+l ) = d(SIu n _ l ,SIIu n _ l ) 

<rd(Su n _ 1 ,SIu n _ 1 ) [Using (1)]. (B) 

= rd(Su n] ,Su n ) 

< r.rd (Sn n _ 2 , Su n _\) 


< r n d(Su 0 ,Su l ) 

(Using (1) repeatedly) . (C) 

If m > n then as in general case, 

d(Su n ,Su m ) < d(Su n ,Su n+1 ) + d(Su n+l ,Su n+2 ) +... 

+ d(Su m _ l ,Su m )(By repeated use of triangle inequality) 

< r n d(Su 0 ,Su l ) + r" +l d(Su 0 ,Su l ) + ...+ r m ^ 1 d(Su 0 ,Su l ) 
[Using (C)] 

= ( r" +r n+1 +...+ r ml )d(Su 0 ,Su 1 ) 


= rmax{d(Sx, Six),d(Sx,Tx),d(SIx,Tlx), 

= rmax{d(Sx, Six),d(Sx, Six), 

d<six.sim MSx - mx> *f (s ' x - s,x> 

= rmax{ d ( Sa Six), d (SI.x, SIIx), ——ftldtl ) 

(Using Lemma 1) 

= rniax{ d < Sx. Six), d < Six, SI lx)}(Using Lemma 2) 

Now if max{d(Sx,Six),d(SIx,SIIx)} = d(SIx,SIIx), 

then d ( Six, SI lx) > d (Sx, Six) and as a result we have, 

d (Six, SIIx) < rd (Six, SIIx). 

Again, if d(SIx, SIIx) = d(Sx, Six) then we deduce that 
d (Six, SIIx) < rd (Sx, Six). 

So we consider, d(SIx,SIIx) > d(Sx,SIx). 

Now, d (Six, SIIx) < rd (Six, SIIx) =>(r-l)d (Six, SIIx) g P 
i.e.,-( 1 - r)d(Six, SIIx) g P. 

Again (1 - /') > 0 and d(Six, SIIx) g P 


)d(Su 0 ,Su l ) [Since r < 1] 

| _ ^m-n 

—--) > Oand d(Su Q ,Su l ) gP , 

1-r 

r n | _ r m-n 

so(-r"- )d(Su 0 ,Su l ) g P and 

1-r 1-r 

j _ yUl-Yl ytl 

therefore, r"( - )d(Su 0 ,Su l ) < ( - )d(Su Q ,Su l ) 

1-r 1-r 

Hence by using transitivity we have, 

n 

d(Su n ,Su m )< (— — )d(Su 0 ,Su l ) .(D) 

1-r 

Let 9 «c and choose a 5 > 0 so that c + N s (6) a P, 
where N s (9) := {y gB : ||y|| < 5} . Again choose a natural 

n 

r 

number N such that, (- )d(Su Q ,Su l ) g N s (9) for all 

1-r 

n 

n>N . So, -(—— )d(Su Q ,Su l ) g N s (9) for all n>N, that 
1-r 

n 

r 

implies c-(- )d(Su 0 ,Su l ) g c + N s ( 9) a P for 

1-r 

all n>N. 


d ( Sx, Tlx) + di Six, Tx) 1 j _ r m 11 

2 = r ” (_ i- 

z 1 _ r 


Since (-r 

} (Since Tx = Six, \/ x g X ) 1 — r 
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Thus for all n>N, c — (— — )d(Su 0 ,Su l ) g IntP 
1 — r 

n 

=> (—— )d(Su 0 ,Su l ) « c .(E) 

1 — r 

Thus (D) and (E) together imply that [Su n j is a Cauchy 
sequence. 

Since X is a complete cone metric space, then there exists a 
point z e X such that Su n —» z ■ 

We also have Tu n = Su n+l —> z. Next we show that, 

d (Tx, z ) < rmax{ d(z, Sx) ,d(Sx, Tx) }.(2) for all 

xeX with Sx=tz. Since Su n —» z, Tu n —>z as n—> co 
and Sx =£ z, then d ( Su n ,Tu n )x>d(z,z) = 6 
and d ( Su n , Sx) -x d(Sx,z)> 0 as n —> go. 

Hence, there exists N l e N such that, 

O (r)d(Su n ,Tu n ) < d(Su n ,Sx), V n > N 1 . For, if possible let 
<3>(r)d(Su n ,Tu n ) > d(Su n ,Sx), V n >N { , 
which implies, 

<T>(r)d(z, z) > fif(Sx, z) [Since Su n —> z, Tu n —> z 
as n —> oo, using Lemma 3] 
i.e., 0 >d(Sx,z ) => - d(Sx,z ) g P. 

Also we have, d(Sx, z) eP. Therefore, combining these two 
we have, d(Sx,z) = 6 => Sx = z, which is a contradiction to 
the fact that Sx =£ z. 

Hence by (A) we have, 

d(Tu n ,Tx ) < T (u n ,x) for n e N w/r/i n> N x . 

i.e., d(Tu n ,Tx) < rmax{d(Su n ,Sx),d(Su n ,Tu n ), 
d<Sx,TA d<S “- TX> * d{Sx - T “- ) | 


d AxIL±£Sx 1 zi tdiSx _ £) , 


d(z,Tx) + d(Sx,z ) 


d(Sx,z) e P with d(z, Tx) d (Sx, z ); 


d(z,Tx)-d(Sx,z ) 


: P with d(z,Tx) d(Sx,z)', 


=xd(z,Tx)—d(Sx,z)eP with d(z,Tx) x=- d(Sx, z); 

=> d(z,Tx) > d(Sx,z) with d(z,Tx) d(Sx,z)', 
i.e., d(z,Tx) > d(Sx,z). 

Since 

u, c , J/c T , d(z,Tx) + d(Sx,z), d(z,Tx) + d(Sx,z) 
max{d(z,Sx),d(Sx,lx), ---} =---. 

then from (3) we have, 

.j, , d(z,Tx) +d(Sx,z) d(z,Tx) +d(z,Tx) 

d(z,Tx) < r -< r - 


[Since d(z,Tx) > d(Sx,z) ] 

j, rj, w d(z,Tx) + d(z,Tx) 

■ d(z,Tx) < r - [Using transitivity] 


i.e., d(z,Tx) < rd(z,Tx). 

Again (l-r)>0 and d(z.Tx) <= P implies 
(1 -r)d(z,Tx)eP 

=> rd(z,Tx) < d(z,Tx), which is a contradiction to the fact 
that d(Tx, z) < rd (Tx, z). 

Therefore, d(Tx, z) < nnax{d(z„ Sx),d(Sx,Tx)} . Hence (2) 
holds for all x e X with Sx z ■ Now we will prove z is a 
fixed point of S. 

Let us consider the case when 

Card{n :d(Su n ,Tu n ) >d(Su n ,SSu„)} = go, 

then there exists a subsequence {u n } of {u n } such 

j 

that i d(Su n ,Tu )>d(Su n ,SSu n ) 

j j i i 


=> rmax{d(Su n , Sx),d(Su n ,Tu n ),d(Sx,Tx), 

disu.M^dts,. r«„) [ _ dVU " Tx) s p 

=> nnax{d(z, Sx),d(z, z),d(Sx,Tx), 

d(z,Tx) + d(Sx, z) 

-} - d(z,Tx) e P 

2 

(Since, Su n -X z,Tu n -X z as n—>co and using Lemma 3) 

=> rmax(d(z,Sx),d(Sx,Tx), d(~'T x ) + d(Sx, O ^ jyj g p 

(Since d(Sx,z) >9 so we drop the term d(z,z) = 9 .) 
i.e.. 


=>d(Su n ,Tu n ) — d(Su n ,SSu n ) e P with 

j i j j 

d(Su n ,Tu„ )J=d(Su n ,SSu n ).(4) 

j j j i 

Now by using triangle inequality we have, 

d(SSu n , z) < d(SSu n ,Su n ) + d(Su n ,z) 
j j j j 

=> d(SSu n ,Su„ ) + d(Su„ , z) — d(SSu n ,z)eP .(3 

j j i i 

Therefore from (4) and (5) we have, 

d(Su„ ,Tu„ )-d(Su„ ,SSu„ ) + d(SSu„ ,Su lt ) 
j j j j j j 

+ d(Su n ,z)-d(SSu n ,z)ePwith 
j j 

d(Su„ ,Tu n )=td(Su n ,SSu n ). 
j j j J 


d(z,Tx) < rmax{d(z,Sx),d(Sx,Tx), d( - z ^x) +d(Sx,z ) } . (3) => d(Su n , ,Tu n .) + d(Su n .,z)- d(SSu n ., z) e P 

=>d(z,z) + d(z,z)-d(Sz,z) ef 5 [Since Su n .z 


Let 

d(z,Tx) + d(Sx, z) 


max{d(z,Sx),d(Sx,Tx), 


d(z,Tx) + d(Sx, z) 


j Tit n —> z, as n j -x oo and using Lemma 3] 




Nuwil ‘“"■ TX, f“ SX - ! ’, JISXiZI lh , n 

d(z,Tx) < nnax{d(z,Sx),d(Sx,Tx)}. 
.d(z,Tx) + d(Sx,z) 


But if- 


■ > d(Sx,z) 


9-d(Sz,z) e P , 

i.e., d(Sz,z)<6, =>d(Sz,z) = 9, i.e.,Sz = z. 

Therefore z is a fixed point of S in this case. 

But if Card{n : d(Su n ,Tu n )> d(Su n ,SSu n )} < go, 

there exists (V 4 eN such that d(Su n ,Tu n ) < d(Su n ,SSu n ) 

for all n > N 4 . 

Now (l-<L(r))>0 and d(Su n ,Tu n ) e P implies 
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(1 -®(r))d(Su n ,Tu n )eP 
=> ( l>(r)d(Su n ,Tu n ) < d(Su n ,Tu n ). 

Therefore, using transitivity we have, 

<L>(r)d(Su n , Tu n )<d ( Su n ,SSu n ), V n > /V 4 . 

So, by (A) we have, 

d(Tu n , TSu n ) < rM S J (u n ,Su n ),\/ ri> N 4 .(6) 

Since S is continuous and S , T commute then 
TSu n = STu n —^ Sz as n —^ go (Using Lemma 4). 

Therefore, from (6) we have, 

rM ST (u n ,Su n ) — d(Tu n ,TSu n ) e P, V ri> N 4 . 

i.e., 

rmax{d(Su n ,SSu n ),d(Su n ,Tu n ),d(SSu n ,TSu n ), 

d(Tll " TSuJeP 
=> rmax{d(Su n ,SSu n ),d(Su n ,Tu n ),d(SSu n ,STu n ), 

[Since S and T commute.] 

=> nnax{d(z,Sz),d(z,z),d(Sz,Sz), 

d(z,Sz) + d(Sz,z) 

---} - d(z, Sz) e P 

[Since Su n —» Z,Tn n —> z as « —»co and using Lemma 3] 
i.e., rmax{d(z,Sz),d(z,z),d(Sz,Sz),d(z,Sz)}-d(z,Sz) eP 
=>rd(z,Sz)-d(z,Sz)eP [Since d(Sz„Sz.) = 0 = d(z„ Z.) and 
d(Sz,z)>9] 

=> —(1— r)d(Sz, z) e P 

Again (l-r)>0 and d(Sz,z)sP => (l-r)d(z,Sz) e P. 
Hence (1 - r)d(z,Sz) = 0 =>d(z,Sz) = 0 [Since (1—r) > 0] 
i.e., Sz = Z. 

Therefore z is a fixed point of S in the both cases. 

Now we prove that, 

d(T n z,T n+1 z) < rd(T "- 1 z , T 11 z) for n e N, 
where T°z = z .(7) 

Now, (l-<D(r))>0 and d(ST n ~ 1 z,TT n ~ 1 z) eP implies 
(1—<D(r))fi? (ST n ~ l z, TT n ~ l z) e P. 

=> d>(r)d(ST n - l z,TT n - l z) < d(ST nl z,TT n ~ l z ) 

= d(ST n ~\,T n Sz) [Since Sz = z.] 

= d(ST"~ l z,ST n z) [Since S and T commute .] 

Therefore by (A) we have, 
d(TT n -\,TT n z) = d(T”z,T n+1 z) 

<rM ST (T n ~ l z,T n z ) 

= rmax{d(ST n ~ i z„ST n z),d(ST' 1 -' z„TT n ~' z) 

^ , d(ST”- l z,TT n z) + d(ST n z,TT n - 1 z), 
d(ST z,TT z), ---} 

^ , r „ + i J(r n - 1 &,r' i+1 z) + t/(r”&,r”z) 

1 z. Zh 2 

|Since S and T commute.] 


= rmax{d(T n - l z,T n z),d(T n - l z,T n z),d(T n z,T n+l z), 
d(T n - l z,T n+l z) + d(T n z,T n z), rc . c 

-—-} [.Smci tSz = zj 

d(T n ~^ 7 j^n+l \ 

= rmax{d{J z,l Z),d(I z,l z), ---} 

< rmax{d(T"- l z,T n z),d(T n z,T n+1 z), 

d(T n - l z,T n z) + d(T n z,T n+l z ) 

2 

(Using Lemma 1) 

= rmax{d(T n - l z,T n z),d(T n z,T n+l z)} .(F) 

(Using Lemma 2) 

Now if mar{rf(r' t ' 1 z,r"z),rf(r"z,r" +1 z)} = ^(r"z,r" +1 z), 
then, d(T n z,T n+1 z ) > d(T’'- l z,T n z). 

If d(T”z,T n+1 z) = d(T n ~ l z,T"z), then (7) is proved. 

So we consider d(T n z,T" +l z)> d(T n ~ l z,T n z) . (El) 

Hence from (F ) we have, 
d(T n z,T n+ 'z) < rd(T’'z,T n+1 z) 

=> rd(T n z,T n+1 z) ~ d(T n z,T n+1 z) e P 
=> -(1—r)c?(r"z,P" +1 z) e P 
Again (l-r)>0 and d(T n z,T n+l z) e P implies 
(1 -r)d(T"z,T n+l z)sP. 

Hence (1 - r)d(T n z,T n+1 z) = 0 
=> d(T"z,T n+1 z) = 0 [Since (l-r)>0] 

Thus from ( Fl) we have, d(T n z,T n ~ l z) < 6, which is a 
contradiction. Thus we conclude that 
i?iwc{d(T n ~ 1 z,T n z),d(T n z,T n+1 z)} = d(T nri z,T n z ) 
Therefore, d(T n z„T n+ 'z) < rd(T n ~'z,T n z). 

Thus (7) holds for n e N. 

So, d(T n z,T n+1 z ) < rd{T n 1 Z,T n z) < r.rd(T nl z„T n ~'z.) 


< r"d(T°z,Tz) [Using (7) repeatedly ] 

= r"d(z,Tz) [Since T°z = z] 

i.e., d(T n z,T n+1 z)<r n d(z,Tz) for all ne N .(8) 

[Using transitivity repeatedly] 

We next show by induction that, 

d(T n z,z)<d(z,Tz) for all neN.(9) 

For n=l, (9) is obvious. 

We suppose that d(T n z,z) < d(z,Tz) for some n e N. 

If T n z = Z then T n "z = F(P"z) = Tz and 
d(T n "z,z) = d(Tz,z ) <d(Tz,z), then (9) is true. 

Now if T'z * z, then ST n z = T n Sz = T" z * z . [Since S and 
T commute.] 

So we have by (2) that, 

d(TT n z,z) < rmax{d(z,ST n z),d(ST n z,TT n z )}; 
i.e.. 
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d(T n+1 z,z) < rmax{d(z,T"Sz%d(T n Sz,T n+1 z )} 

[Since S and T commute .] 

= rmwc{d(z,T n z),d(T n z,T" +1 z)} [Since Sz = Z-] 
<rmax[d(z,T n z),r n d(z,Tz)} [Using (8)] 

< rmax{d(z,Tz),r"d(Tz,z)} [Using our assumption] .( G ) 

As 0 < r < 1, then r" <1 for all n e N => 1 - r" > 0 
for all n e N. Also d(z,Tz) e P . 

Therefore, (1 - r n )d(Tz, z)eP 

=> r"d(Tz, z)<d (Tz, z) 

Therefore, from (G) we have, 

d(T n+ 'z„z)<rd(z,Tz) . (H). 

As (1 -r) > 0 and d(Tz,z) e P , then (1 -r)d(Tz,z)&P ■ 

=> d(Tz, z) - rd(Tz, z) e P. 

i.e., rd(Tz,z)<d(Tz,z ) . (I) 

Now using transitivity on (H) and (I) we have, 
d(T n+1 z,z)<d(Tz,z). 

Hence by induction, (9) holds for n e N. 

Now we will prove z is fixed point of T. We will prove this in 
two cases: 

Case I: Now we consider the case, when 0 < r < —J=- , then 

72 

1 — r 

‘PM < —5- • 
r 

We first prove that, 

d(T n z,Tz)<rd(Tz,z) for all nsN.(10) 

For n = 1, (10) is obvious. 

For n = 2, d(T 2 z,Tz) < rd(Tz„z) [Putting 11 = 1 in (8)] 

So, (10) is true for n = 2. 

Let us suppose that, (10) is true for some heN with n> 2, 
i.e., d(T n z,Tz)< rd(Tz,z) 

=>rd(Tz,z)~d(T n z,Tz)sP . (J) 

Using triangle inequality we have, 
d(z,Tz) < d(z,T n z ) + d(T n z,Tz ) 


=> 0 Kr)d(T n z,T n+1 z) < (^)d(T n z,T n+1 z) . (L) 

r 

1 — r 1 — r 

Again,->—— for all n e N withn > 2 .[Since re [0,1)] 

r n r 

i.e., -—- - ^ J >0 for all neN with n> 2. 

r" r 2 

Therefore, 

(.—^-~ —^-)d(T n z J T n+i z) e P 
r r 

=> ( i -f-)d(T”z,T n+l z) < (—)d(T”z,T n+1 z) . (M) 

r^ r" 

By (8) we have, 

d(T n z,T" +1 z)<r n d(Tz,z) 

=> r"d(Tz,z)-d(T n z,T n+l z) e P 

=> (^)r n d(Tz,z)-(^)d(T"z,T n+l z) e P 
r r 

[Since — >0 ] 
r n 

=> (1- r)d(T Z , z) - (—)d(T n Z J" +1 z ) e p 
r n 

=> (— )d(T n z,T n+x z) < (\-r)d(Tz,z) .(N) 

r" 

By (L),(M),(N) and using transitivity we have, 

<S>(r)d(T n z,T n+1 z) < (1 -r)d(Tz,z) . (O) 

By (11) we have, 

—^—d(z,T n z)~d(Tz,z) e P 
1 — r 

=>d(z,T n z)-(l-r)d(Tz,z)^P [Since (l-r)>0] 
i.e., (1 -r)d(Tz,z)<d(z,T n z) .(Q) 

By applying transitivity on (O) and (Q) we have, 
0(r)d(T n z,T n+l z)<d(z,T n z ) 

= d(Sz,T n Sz) [Since Sz = z] 

= d(Sz,ST n z) [Since S and T commute ] 
i.e., ®(r)d(T n z,T n+1 z) < d(ST"z,Sz) 
or, ®(r)d(T n Sz,T n+1 z)<d(ST n z,Sz) [Since Sz=z] 


=>d(z,T n z)+d(T n z,Tz)-d(z,Tz)eP . (K) 

From (J) and (K) we have, 

d(z,T n z) + d(T n z,Tz)-d(z,Tz) + rd(T z ,z)-d(T n z,Tz) e P 
=>d(z,T n z)-( 1 - r)d(Tz, z)sP 

^>—^—d(z,T n z)-d(Tz,z)eP [Since ->0] 

l-r 1 -r 

i.e., d(Tz,z)<— d(z,T n z) .(11) 

l-r 

1 — r 1 — r 

Since cp(r) <—— , i.e., —-— cp(r)>0 and 

r 2 r 2 

d(T n z,T n+1 z) e P then we have, 

(lzL-®( r ))d(T n z,T n+1 z)eP 

r 

=> ^-)d(T n z,T n+ \] - <D (r)d(T n z,T n+X z) e P 


=>(t>(r)d(ST n z,TT n z)<d(ST n z^Sz ) [Since S, Tcommute] 
Therefore, by (A) we have, 
d(TT n z,Tz)< rM s , T (T n z,z) 

= rmwc{d(ST n z,Sz),d(ST n z,TT n z),d(Sz,Tz), 
d(ST"z,Tz) + d(Sz,TT n z) ] 


= rmax{d(T n Sz,Sz),d(T n Sz,TT n z),d(Sz,Tz), 

d(T n Sz,Tz) + d(Sz,TT n z ) 

2 


[Since S and T commute] 
= rmax[d(T n z,z),d(T n z,T n+l z),d(z,Tz), 


d(T n z,Tz) + d(z,T n+1 z ) 
2 


} [Since Sz = z] 


By (8) we have, 

r n d(z,Tz)-d(T n z,T n+1 z)^P for all ns N. (R) 

By (9) we have. 
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d(Tz,z)-d(T n z,z) £ P for all neN.(?) r r „+i . r 2 r n 

— d(Tz,z) - d(T z,z) + — d(Tz,z) - d(T z,7z) 

Also, d(Tz,z)-d(T n+1 z,z)<EP .( T) 2 2 2 2 

Now, by our assumption we have, + —d(z,T n+1 z) + — d(T n z,Tz) - d(T n+1 z,Tz) £ P 

d(T n z,Tz) < rd(Tz,z) for some neN “ ^ 

i.e ., rd(Tz,z)~ d(T n z,Tz) £ P for some n e N.( U ) =>(— + —)d(Tz,z)-d(T' l+1 z,Tz) ^ P .(A7) 

r r 2 

If d(z,T n z ) = max{d(z,T n z),d(z,Tz), A S ain since then ’ If _ ~~ ° 

rn + 1 , d(z,T n+1 z) + d(T n Z,Tz ), r ,- 2 

d(T z,T z), } => (- )d(Tz,z) e P for d(Tz,z) e P .(A2) 

z 2 2 

then, d(T' l+1 z,Tz) < rd(z,T"z ) Therefore from (A7) and (A2) we have, 

=> rd(z,T n z )- d(T" +1 z,Tz ) £ P .(V) (— + -)d(7z, z) - c/(7’" +1 z,7z) + (-- —)d(Tz, z)eP 

Therefore, from (S) and (V) we have, 2 2 2 2 

rd(Tz,z)-rd(T n z,z) + rd(z,T n z)-d(T n+1 z,Tz) £ P [Since => rd(Tz,z)-d(T n " z.J'z) £ P 
re [0,1)] => d(T n+1 z,Tz) < rd (Tz, z) 

=> rd(T Z ,z) — d(T n+1 z,Tz) £ T 5 Now if 

i.e., d(T n+1 z Tz) < rd(Tz z) d(Tz,z) = mcix{d(z,T n z),d(z,Tz),d(T"z,T n+1 z), 

Again if d{z,T n+l z) + d(T n z,Tz) ] 

d(T n z,T n+ 'z) = rmvc{d(z,T n z),d(z„Tz.),d(T n z,T n+] z), 2 

d(z,T n+1 z) + d(T n z,Tz) then d ( T " +1 z,Tz) < rd(Tz,z) . 

o < Thus in any case, 

then d(T n+1 z,Tz) < rd(T"z,T n+1 z) d(T n "z.Jz) < rdCIfz) 

^rd(T-z,T-'‘z)-d(T~'z,Tz)eP .(HO Therefore, by induction (10) holds for all ««N 

Now, arguing by contradiction we assume that, Tz ^ z. 

From (j R) and (W) we have, 

r "'rf(z,Iz) - rd(rz,T-"z) + rd<.T"z,T"+'z)-d(T-<‘z,Tz) e T"*" b? ( ' 0) " h " e ' T " z 1 * 1 

For, if T n z = z, then by (10) we have, d(zj'z) < rd(Tz.,z) 

=> r n+1 d(z,Tz)-d(T n+1 z,Tz) £ P ^(r-l)r/(7z,z)eP. i.e.,-(l-r)r/(7z,z) eP. 

• ,e T „ + i TW „ + i,e T o Again, (1 — r)>0=>(l — r)d(Tz, z) £ T 3 . 

d(T z,Tz)<r d(z,Tz) .(X) Hence, (i-r)d<Tz,z) = e 

Since re[0,l),(r—r” +1 )>0 and also d(Tz,z)sP, ^d(Tz.z) = fl [Smce(l-r) >01, 

then (r-r )<7(7z,z)e/ > i.e., Tz = z, which is a contradiction to our assumption 

or, rd(Tz, z) - r n+l d(Tz, z) £ P Tz*z. 

=> r n+l d(Tz,z) < rd(Tz,z ) .(Y) So, ST”z = /'"Sz = T n z =£ z [Since S’ and T commute.] 

Hence using transitivity on (X) and (Y) we have. Thus by (2) we have, 
d(T n+ 'z„Tz)<rd(Tz„z). Now if d(TT n z,z) = d(T n+l Z ,z ) 

d(z,T n+l z) + d(T n z,Tz) fJ , ^+1 ^rniox{d(Sr"z,z),d(Sr ,, z,7T B z )} 

- = max{d(z,2 z),a(z,7z),d(i z,7 z), 

2 = rmax{d(T"Sz, z),d(T”Sz,T n+ z)} [Since .S' and T commute.] 

d(z,T z) + d(T z,7z) j _ rmax{d(T n z,z),d(T n z,T n+1 z)} [Since Sz = z.] 

„ +1 2 „ <nnax{d(T n z,z),r"d(z,Tz)} [By using (8).] 

then, (7(7’ z,7z)<r — i.e., d(T n+1 z,z) < rmax{d(T n z,z),r n d(z,Tz)} .(12) 

,e T » t i ,, T » rr, \ By triangle inequality, 

=>r^- Z) 2 ( Z ’ Z) -d(T n+1 z,Tz)sP .(Z) d(Tz,z) < d(Tz,T n z) + d(T n z, z) 

Now from (7) and (77) we have, =>d(Tz,T"z) + d(T n z,z) — d(Tz,z)^P .(A3). 

— d (Tz,z)- — d(T n+1 z,z) £ P and By Using (10) WC haV6 ’ 

2 2 rd (Tz, z) — d(T n z,Tz) &P .(44). 

r 2 . r „ Therefore, from (A3) and (A4) we have, 

— d(Tz,z )—«(7 z,7z) £ P [Since r > 0]. 

2 2 d(Tz,T n z) + d(T n z,z)-d(Tz,z) + rd(Tz,z)-d(T n z,Tz)<sP 

Therefore, from the above two and (Z) we have, . ,, . ,._ . „ 

=>d(r z,z) — (1— r)d(Tz, z)£H 

=>(l-r)(/(rz,z)<(/(r”z,z) .(A5) 
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Also there exists a N 5 e N such that, V n > N 5 

(1—r) — r" >0 and also d(Tz,z) eP , 

=> ((1 -r)-r n )d ( Tz, z)eP 

=>(1— r)d(Tz,z)~r"d(Tz,z)<zP ■ 

i.e., r"d(Tz,z)<(l-r)d(Tz,z) .(A6) 

Therefore, from (A5)and(A6) and by using transitivity we 
have, 

r n d(Tz,z)<d(T n z,z ) for all n>N 5 
Then by (12) we have, for all n > N 5 

d(T" +1 z,z) < rmax{d(T n z,z),r"d(Tz,z)} 

< tmax{d(T n z, z), d(T n z, z) } [By Lemma 1 ] 

= rd(T n z,Z ) 

i.e., 

d(T" +l z,z)< rd(T n z,z ) 

< r.rd(T n ~ l z,z) 


i.e., d(T n+ 'z,z)<r n Ns+1 d(T Ns z,z) .(A7) 

Now, let 6 «c and choose a S > 0 so that c + N s (9) ci P, 
where N s (9) := {y e B : |y| < §}. 

Again choose a natural number N 6 such that, 

r" N5+1 d(T Ns z,z)eN s (0) for all n>N 6 . 

So, —r" Ns+l d(T N s z,z) & N s (0) for all n>N 6 . 

This implies, 

c — r" Ns+1 d(T N5 z,z) ^c +N s (0) c P forall n>N 6 . 
Thus, for all n>N 6 , 

c — r" Ns+l d(T N5 z,z)sIntP. 

=> r" Ns+l d(T Ns z,z) «c 

Therefore, by using (A7) and applying transitivity we have, 
d(T n+1 z,Z ) « c forall n>N b , =>T n+1 z —» z as n —»oo 
i.e., T"z —^ z as n —^ go . 

By using (10) we have, rd(Tz, z)-d(T" z, Tz) e P 


=> rd (Tz, z) - d(z, Tz) e P [Since T n z —> z as n —» co 
and P is closed ] 

=> -(1- r)d (Tz, Z.) e P 

Again (l-r)>0 and d(Tz,z) eP , =>(1 -r)d(Tz,z)eP 
Hence, (\-r)d(Tz.,z) = 0 => d(Tz,z) = 9 [Since (\-r) > 0] 
=>Tz = z, which contradicts to our assumption that 7z + z . 
Therefore, we obtain 7z = z . 

Hence, z is a fixed point of T in this case. 

Case II: Now we consider the case, when —^< r <1. We 

■v/2 

will show that there exists a subsequence [uj } of \n) such 
that, Q>(r)d(Su n ,Su n ^)<d(Su n ,z) for jeN. 


We have, 

d(Su n ,Su n+1 ) = d(SIu n _ 1 ,SIIu n _ 1 ) 

<rd(Su„_ l ,SIu n _ l ) [Using (1).] 


= rd(Su n _ l ,Su n ) 

i.e., d(Su n ,Su n+l )<rd(Su n _ 1 ,Su n ) .(13) 

Now we assume that, 

(—)d(Su n _ l ,Su n ) > d(Su u z) and 
I • r 

(—*— )d(Su n ,Su n+l ) > d(Su ,z) .(14) 

1 + r 


=> ( - )d(Su ,,Su ,,) - d(Su ,,z) e P with 
1 + r 

d(Su n _ 1 ,z) + (—)d(Su n _ 1 ,Su n ), and 
1 + r 

(—— )d(Su„,Su n+l )-d(Su„,z) e P with 
1 + r 

d(Su n ,z)*(- - )d(Su n ,Su n+ 1 ). 

1 + r 

Therefore, 

(zr—)[d{Su n _x, Su n ) + d(Su n , Su n+l )] - [d(Su n _ x , z) + d(Su n , z)] e P 

1 + r 

with 

( z^—)[d(Su n _ l ,Su n ) + d(Su n ,Su n+1 )]*[d(Su n _ l ,z) + d(Su n ,z )]. 

1 + r 

=> [d(Su x ,z) + d(Su ,z)\ < (—*—) [d(Su n _ X , Su n ) + d(Su n , Su n+l )] 

1 + r 

.(AS) 

Now by triangle inequality we have, 
d (Su n _i ,Su n )<d (Su„_ t , z) + d(Sn n , z) 

=> d(Su n _ l ,Su „) < (-^—)[d(Su n _ x ,Su n ) + d(Su n ,Su n+l )] 

1 + r 

[By (AS) and applying transitivity.].( A9) 

By (13) we have, rd(Su n _ 1 ,Su n )-d(Su n ,Su n+l ) e P 

=> (t^— )d(Su n _ 1 ,Su n )-(-^— )d(Su n ,Su n+i ) e P [Since —> 0.] 
1+r 1+r 1+r 

=> [{-^~)d(Su n _ 1 ,Su n ) + (—-—)d(Su n _ l ,Su n )] 

1+r 1+r 

- [(~^—)d(Su n , Su n+l ) + (-^-)d(Su n _ l , Su n )] e P. 

1+r 1+r 

=> (-^— )[d(Su n ,Su n+l ) + d(Su n _ 1 ,Su n )]<(p^-)d(Su n _ 1 ,Su n ) 

1+r 1+r 

= d(Su n _ 1 ,Su n ) 
i.e., 

(-^—)[d(Su n ,Su n+1 ) + d(Su n _ u Su n )]< d(Su n _ l ,Su n ) .(410) 

1 + r 

Hence applying transitivity on (A9) and (A10) we have, 
d(Su n _ x ,Su n ) < d(Su n _ l ,Su n ) , which is a contradiction. 

Therefore the contrapositive of (14) is true, i.e., 

either (—^—)d(Su ,,Su ) < d(Su ,,z) 

1 + r 

or ( 1 )d(Su ,Su ,,) < d(Su ,z), forn eN 
1 + r 

=> either <t>(r)d(Su 2n _ 1 ,Su 2n )<d(Su 2n _ l ,z) 
or <S>(r)d(Su 2n ,Sii 2n+l ) < d(Su 2n ,z ) holds forn e N. 
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Thus there exists a subsequence {tij} of {//} such that, 

0(r)d(Su n , , Su n . +i ) < d(Su„, , z) for j e N. 

i.e., 

<&(r)d(Su n ,Tu n ) < d(Su n ,Sz) for j e N. [Since Sz = z and 
j j j 

Su n j+} = SIu n . = Tu n . •] 

Therefore, by (A) we have, 
d C Tu „,, Tz) < rM S T (u n ., z) 

=> rM S T (u n ,, z) -d(Tu „,, Tz) e P 

=> rmax(d(Su n ,Sz),d(Su n ,Tu n ), 
j j j 

d(Su n ,Tz) + d(Sz,Tu n ) 

d(Sz,Tz), ----- J —} - d(Tu n .,Tz ) e P 

=> rmax{d(z,Sz),d(z,z),d(Sz,Tz), 
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d(z, Tz) + d(Sz, z). 


■d(z,Tz) e P [Since Su n -» z,Tu -> z 
j j 


as n —> co, and also using Lemma 3] 

=> rmax{d(z, z),d(z, z),d(z,Tz), —zzz2 ] 
- d{z,Tz ) e P [Since Sz = z.] 

=> nnax{d(z,Tz),^——~} - d(z,Tz ) e P 


[Since Tz * z, i.e., d(Tz, z) > 9 ] 
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=> rd (Tz, z) — d(Tz, z)eP, => -(1 - r)d(Tz, z) £ P- 
Again (l-r)>0 and d(Tz,z) e P 
implies (l-r)d(Tz,z) e P. 

Hence. (1 -r)d(Tz,z) = 9, 


=> d(Tz,z ) = 9 [Since (1-r) > 0]; 
i.e., Tz = z. 

Thus, we have shown that, Tz = z in both of the cases. 
Hence, z is a common fixed point of both S and T . 


Uniqueness of the common fixed point: Let z, and z 2 be 

two distinct common fixed points of both S and T . Then, 

Szi = Zi,Tzi = Zi and Sz 2 = z 2 ,Tz 2 = z 2 . 

Now by using (2) we have, 

d(Tx,Z\) < rmwc(d(zi,Sx),d(Sx,Tx)} for all those xeX 
satisfying Sx ^ Z\ ■ Now putting x = z 2 in the above, we 
have, 

d(Tz 2 ,Zi)<rmax{d(z\,Sz 2 ),d(Sz 2 ,Tz 2 )}\ i.e., 
d(z 2 ,z,\) < rmax{d(z\,z 2 ),d(z 2 ,z 2 )} 

d(z\,Z 2 ) < rd(z\,z 2 ) [Since d(z 2 ,Z 2 ) = 9 and d(z j,z 2 ) > 9\- 
=> rd(z A ,z 2 )-d(z\,Z 2 )£ P, i.e., -( \-r)d(z x ,z 2 ) e P. 

Again (l-r)>0 and d(z x , z 2 ) g P implies 
(\ — r)d(z\,Z 2 ) £P. 

Henc, (1 -r)d(z\,Z 2 ) = 9 
=> d(z\,z 2 ) = 9 [Since (1-r) > 01 

i.e., Z| = Z 2 - This contradicts the distinctness of z\ and 
Z 2 .Hence, there exists a unique common fixed point of S 
and T . 
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